We propose a novel method, called Multi-X, for general multi-class multi-instance model fitting -the problem of interpreting input data as a mixture of noisy observations originating from multiple instances of multiple types. The proposed approach combines global energy optimization and mode-seeking in the parameter domain. Robustness is achieved by using an outlier class. Key optimization parameters like the outlier threshold are set automatically within the algorithm. Considering that a group of outliers may form spatially coherent structures in the data, we propose a cross-validation-based technique removing statistically insignificant instances.
Introduction
In multi-class fitting, the input data is interpreted as a mixture of noisy observations originating from multiple instances of multiple model types, e.g. as k lines and l circles in 2D edge maps, k planes and l cylinders in 3D data, multiple homographies or fundamental matrices in correspondences from a non-rigid scene (see Fig. 1 ). Robustness is achieved by considering assignment to an outlier class.
Multi-model fitting has been studied since the early sixties, the Hough-transform [12, 13] being the first popu- lar method for extracting multiple instances of a single class [11, 23, 29, 40] . A widely used approach for finding a single instance is RANSAC [9] which alternates two main steps: the generation of instance hypotheses and their validation. However, extending RANSAC to the multi-instance case has had limited success. Sequential RANSAC detects instance one after another in a greedy manner, removing their inliers [36, 16] . In this approach, data points are assigned to the first instance, typically the one with the largest support, for which they cannot be deemed outliers, rather than to the best instance. MultiRANSAC [42] forms compound hypothesis about n instances. Besides requiring the number n of the instances to be known a priori, the approach increases the size of the minimum sample and thus the num-ber of hypotheses that have to be validated.
Most recent approaches [15, 20, 21, 22, 33] focus on the single class case: finding multiple instances of the same model type. A popular group of methods [7, 15, 25, 27] adopts a two step process: initialization by RANSAC-like instance generation followed by a point-to-instance assignment optimization by energy minimization using graph labeling techniques [2] . Recently, an approach was proposed combining Mean-Shift and energy minimization to solve the two-view homography fitting problem in rigid scenes [1] . Another group of methods uses preference analysis, introduced by RHA [41] , which is based on the distribution of residuals of individual data points with respect to the instances [20, 21, 33] .
The multiple instance multiple class case considers fitting of instances that are not necessarily of the same type. This generalization has received much less attention than the single-class case. To the best of our knowledge, the last significant contribution is that of Stricker and Leonardis [31] who search for multiple parametric models simultaneously by minimizing description length using Tabu-search.
The proposed Multi-X method finds multiple instances of multiple model types drawing on progress in energy minimization and in mode seeking in the parameter domain. Mode seeking significantly reduces the label space, thus speeding up the energy minimization step and overcomes the problem of multiple instances with similar parameters, a weakness of state-of-the-art single-class approaches (see Fig. 2 ). The assignment of data to instances of different model types is handled by the introduction of class-specific distance functions. Multi-X can also be seen as an extension or generalization of the Hough transform: (1) it finds modes of the parameter space density without creating an accumulator and locating local maxima there, which is prohibitive in high dimensional spaces, (2) it handles multiple classes -running Hough transform for each model type in parallel or sequentially cannot easily handle competition for data points, and (3) the ability to model spatial coherence of inliers is added.
Most recent papers [20, 22, 37] report results tuned for each test case separately. The results are impressive, but input-specific tuning, i.e. semi-automatic operation with multiple passes, severely restricts possible applications. We propose an adaptive parameter setting strategy within the algorithm, allowing the user to run Multi-X as a black box on a range of problems with no need to set any parameters. Considering that outliers may form structures in the input, as a post-processing step, a cross-validation-based technique removes insignificant instances.
The contributions of the paper are: (1) energy minimization extended by median-based mode-seeking which leads to results more accurate than the state-of-the-art and order of magnitude faster speed, f (2) introduction of L 1 based instance parameter re-estimation which considers an outlier class, gaining robustness over the classic L 2 approach and (3) automatic parameter setting of optimization parameters.
Problem Formulation
Before presenting the general definition, let us consider a few examples of multi-instance fitting: finding a pair of line instances h 1 , h 2 ∈ H l fitting a set P ⊆ R 2 of 2D points. The line class H l is the space of lines
Another simple example is the fitting of n circle instances h 1 , h 2 , · · · , h n ∈ H c to the same data. The circle class
Multi-line fitting is the problem of finding multiple line instances
The set H ∀ is the space of all classes, e.g. line, circle. Our formulation also includes the outlier class
R} is a single class, P is the set of data points, d i is the dimension of parameter vector θ i and φ i is the distance function of the i-th class.
The objective of multi-instance multi-class model fitting is to determine a set of instances H ⊆ H ∀ and labeling L ∈ P → H assigning each point p ∈ P to an instance h ∈ H minimizing energy E. We adopt energy
to measure the quality of the fitting, where λ and β are weights balancing the different terms described bellow, and E d , E s and E c are the data, spatial coherence and complexity terms, respectively. Data term E d : (P → H) → R is defined in most energy minimization approaches as
penalizing inaccuracies induced by the point-to-instance assignment, where φ L(p) is the distance function of model instance h L(p) .
In our experiments, this data term worked accurately for instances having distant parameters but fails when some of them are similar. Multi-model fitting techniques based on energy-minimization usually generate a high number of instances H ⊆ H ∀ randomly as a first step [15, 25] (|H| |H real |, where |H real | is the ground truth instance set). Therefore, the presence of many similar instances is typical. In this paper, we assume that the instances in H real are supported by many points that after initialization are assigned to a number of similar instances in H. The groups around the real instances in the model parameter domain can be replaced with the density modes. The proposed data term reflecting this assumption is
where Θ : H ∀ → H ∀ , is a mode-seeking function and pair (θ Θ L(p) , φ Θ L(p) ) ∈ Θ(H) is the mode assigned to point p. Data term E d (L) captures the point-to-mode assignment cost instead that of point-to-instance. 1 Spatial coherence term, adopted from [15] , is defined as
where N are the edges of a predefined neighborhood-graph, the Iverson bracket . is equal to one if the condition inside holds and zero otherwise, and w pq is a pairwise weighting term. In this paper, w pq equals to one. E s (L) reflects the assumption that close points are more likely to belong to the same instance. Remark: if it is required to consider higher-order geometric terms, e.g. to find three perpendicular planes, E s can be replaced with the energy term proposed in [25] . A regularization of the number of instances is proposed by Li [18] as a label count penalty
where L(P) is the set of distinct labels of labeling function L. To handle multi-class models which might have different costs on the basis of the model class, we thus propose the following definition:
is a weighted class, P is the set of data points, d i is the dimension of parameter vector θ i , φ i is the distance function, and ψ i is the weight of the i-th class.
The term controlling the number of instances is
instead of E c , where ψ l is the weight of the weighted multiclass model referred by label l. Combining terms Eqs. 2, 3, 4 leads to overall energy
3. Multi-X
Alternating Optimization
Given a set of model instances generated by e.g. uniform or guided sampling [33] similarly to RANSAC [9] . Energy E uses the modes provided by function Θ instead of the initially generated instances. It is easy to see that the optimization of E can be separated into two steps without loss of generality:
(1) Application of Θ to H, where H is the set of instances.
(2) Minimization of the overall energy E with labeling L.
In order to deal with outliers a third step is introduced:
(3) Detection of points not belonging to any instance.
We add a fourth step similarly to [15] as:
In Multi-X, these steps are alternated until convergence. Next, each step is described in depth (see Alg. 1). L i := Labeling(H i , P ); by α-expansion 5:
Mode-Seeking is applied in the model parameter domain. Suppose that a set of instances H is given. Since the number of instances in the solution -the modes in the parameter domain -is unknown, a suitable choice for mode-seeking is the Mean-Shift algorithm [5] or one of its variants. In preliminary experiments, the most robust choice was the Median-Shift [30] using or Tukey-medians [35] . There was no significant difference, but Tukey-median was slightly faster to compute.
Reflecting the fact that a general instance-to-instance distance is needed, we represent instances by point sets, e.g. a line by two points and a homography by four correspondences, and define the instance-to-instance distance as the Hausdorff-distance [28] of the point sets. Even though it yields slightly more parameters than the minimal representation, thus making Median-Shift a bit slower, it is always available as it is used to define spatial neighborhood of points.
There are many point sets defining an instance and a canonical point set representation is needed. For lines, the nearest point to the origin is used and a point on the line at a fixed distance from it. For a homography H, the four points are
The matching step can be excluded from the Hausdorffdistance, thus speeding up the distance calculation significantly. 2 The application of Median-Shift Θ M ed never increases the number of instances |H i |:
The equality is achieved if and only if the distance between every instance pair is greater than the bandwidth. Note that for each distinct model classes, Median-Shift has to be applied separately. After this step, the outlier threshold is reestimated as discussed in Section 3.3.
2.
Labeling assigns points to model instances obtained in the previous step. A suitable choice for such task is αexpansion [3] , since it handles an arbitrary number of labels. Given H i and an initial labeling L i−1 in the i-th iteration, labeling L i is estimated using α-expansion minimizing energy E. Note that L 0 is determined by α-expansion in the first step. The number of the model instances |H i | is fixed during this step and the energy must decreases:
3. The Outlier Removal part of the algorithm determines points fitting no instance. A common technique to remove outliers in energy minimization tasks is to add an outlier label -several approaches are discussed in [14] . We experienced that our separation of α-expansion and outlier removal steps does not affect the accuracy (it is described in Section 3.2 in depth). However, it facilitates the adaptive parameter setting. All points are marked outlier for which φ p (θ p , p) > γ p , where γ p is a threshold corresponding to the instance for which point p ∈ P is assigned to. 3 4. Model Fitting instance parameters w.r.t. the assigned points. The obtained instance set H i is re-fitted using the labeling provided by α-expansion. The number of the model instances |H i | is constant. We use the Weiszfeldalgorithm [38] , an iterative re-weighted least squares approach, to L 1 model fitting. Note that if the processing time is crucial, L 2 fitting is an appropriate choice, however, L 1 minimization is more robust.
The overall energy E can only decrease or stay constant during this step since it consists of three terms: (1) E d -the sum of the assignment costs minimized, (2) E s -a function of the labeling L i , fixed in this step and (3) E c -which depends on |H i | and |H i | = |H i+1 | so E c remains the same. Thus
Convergence
The convergence of the algorithm depends on the number of instances in H i and energy E(L i ). Note that in Multi-X, energy E can increase if the number of instances decreases but the overall state of the algorithm converges. Convergence is reached when
The convergence of the instance number is ensured since the first step, Median-Shift, does not introduce new instances. It can only reduce the instance number by merging two or more into a cluster corresponding to a mode. Outlier removal and α-expansion steps do not affect the instances. The last, model re-estimation part changes the instance parameters but does not remove or add instances. Therefore,
The convergence of the energy is ensured for every number of instances |H i |, since the labeling minimizes the energy and the number of possible labelings is finite; the outlier removal step considers points as outliers if their energy is higher than the constant associated with an oultier. The outlier number is not penalized in the energy, therefore, E cannot increase. The instance re-estimation minimizes E d and does not affect other terms. Thus
Overall convergence is ensured due to the previously described properties. Suppose that operator ≥: N × R × N × R → {0, 1} is the lexicographic ordering of states (n 1 , e 1 ), (n 2 , e 2 ) ∈ N × R is defined as (n 1 , e 1 ) ≥ (n 2 , e 2 ) ⇔ n 1 ≥ n 2 ∨ (n 1 = n 2 ∧ e 1 ≥ e 2 ). (8) Due to conditions Eq. 6 and Eq. 7, (n i , e i ) ≥ (n i+1 , e i+1 ), where (n i , e i ) and (n i+1 , e i+1 ) are the states of the convergence in the i-th and the (i + 1)-th iterations, respectively. Since the number of possible labelings is finite and the lower limit for instance number is zero, the convergence is ensured and reached as soon as (n i , e i ) = (n i+1 , e i+1 ).
Implementation Details
Adaptive Median-Shift. For mode-seeking, the Median-Shift proposed in [30] was chosen. In contrast to Mean-Shift, it does not generate new elements in the vector space since it always return an element of the input set. With the Tukey-medians as modes, it is more robust than Mean-Shift [30] . However, we replaced Locality Sensitive Hashing [6] with Fast Approximated Nearest neighbors [24] to achieve higher speed.
To avoid manual bandwidth selection, we adopted the automatic procedure proposed in [10] which sets the bandwidth i of the i-th instance to the distance of the instance and its k-th neighbor. Thus each instance has its own bandwidth set automatically on the basis of the data. Adaptive Outlier Threshold. Recognition of data points not belonging to any instance is critical for robust performance. The approach common in the literature is an outlier label balanced by a weight [14, 15] . This solution works well, but the balancing parameter does not have any geometric interpretation and it is hard to set automatically. We thus do not use outlier label in the α-expansion. Instead, all points which are farther from the assigned instances than a threshold are marked outlier after the labeling step. In practice, we have not experienced any significant difference in accuracy between the two approaches, but the threshold is easier to set.
Reflecting the fact that the inliers of each instance may have different distribution, a specific outlier threshold γ i is assigned to each. Each γ i is estimated as follows: first, distances δ i,k := φ i (p k , θ i ) of the i-th model instance and the k-th point are computed and sorted for every distinct instances (δ i,k ≤ δ i,k+1 , i ∈ {1, 2, ..., |H|}, k ∈ {1, 2, ..., |P|}). Threshold γ i is set to distance δ i,k as
Note that we prefer to limit each γ i to a threshold estimated from the input, e.g. as the mean distance of the points. Model Validation. Considering that a group of outliers may form spatially coherent structures in the data, we propose a post-processing step to remove those, statistically insignificant, models using cross-validation. The algorithm, summarized in Alg. 2, selects a minimal subset from the set of inlier points I t times. In each iteration, an instance is estimated using the selected points and the distance to each point is calculated. The original instance is considered as a stable one if the mean of these distances is lower than a threshold γ. Note that γ is the outlier threshold used in the previous sections and it is set adaptively. 
Experimental Results
We report the performance of Multi-X applied to the following Computer Vision problems: line and circle fitting, 3D plane and cylinder fitting to LIDAR point clouds, multiple homography fitting, two-view and video motion segmentation. Simultaneous Line and Circle Fitting is evaluated on 2D edges of banknotes and coins. Edges are detected by Canny edge detector and assigned to circles and lines manually to create a ground truth segmentation. Each method started with the same number of initial model instances: twice the data point (e.g. edge) number. The evaluated methods are PEARL [7, 15] , T-Linkage [20] 4 and RPA [21] 5 since they can be considered as the state-of-the-art and their implementations are available. PEARL and Multi-X fits circles and lines simultaneously, while T-Linkage and RPA sequentially. Fig. 2 shows three test scenes (rows) and the results of the methods (columns). Detected models are drawn onto the images: green ones are the true positives, false negatives and false positives are denoted by red and blue, respectively. Table 1 reports the number of false negative and false positive models. Multi-X achieved the lowest error for all test cases. Multiple Homography Fitting is evaluated on the Adelai-deRMF homography dataset [39] used in most recent publications. AdelaideRMF consists of 19 image pairs of different resolutions with ground truth point correspondences assigned to planes (homographies). To generate initial model instances the technique proposed by Barath et al. [1] is applied: a single homography is estimated for each correspondence using the point locations together with the re- Image num. (see Fig. 2 lated local affine transformation. Table 2 reports the results of PEARL [3] , FLOSS [17] , T-Linkage [20] , AR-JMC [26] , RCMSA [27] , J-Linkage [33] , and Multi-X. To allow comparison with the state-of-the-art, all methods, including Multi-X, are tuned separately for each test and only the same 6 image pairs are used as in [20] . Results using a fixed parameter setting are reported in Table 3 (copied from [21] ). Multi-X achieves the lowest errors. Compared to results in Table 2 for parameters hand-tuned for each problem, the errors are significantly higher, but automatic parameter setting is the only possibility in many applications. Moreover, per-image-tuning leads to overfitting.
Two-view Motion Segmentation is evaluated on the Ade-laideRMF motion dataset consisting of 21 image pairs of different sizes and the ground truth -correspondences assigned to their motion clusters. Fig. 4 presents example image pairs from the Adelai-deRMF motion datasets partitioned by Multi-X. Different Table 4 shows comparison with state-of-the-art methods when all methods are tuned separately for each test case. Results are the average and minimum misclassification errors (in percentage) of ten runs. All results except that of Multi-X are copied from [37] . For Table 5 , all methods use fixed parameters. For both test types, Multi-X achieved higher accuracy than the reference methods.
Simultaneous Plane and Cylinder
Fitting is evaluated on the LIDAR point cloud data (see Fig. 5 ). The annotated # of planes PEARL [15] FLOSS [17] T-Lnkg [20] ARJMC [26] RCMSA [27] J-Lnkg [33] Multi-X database 6 consists of traffic signs, balusters and the neighboring point clouds truncated by a 3-meter-radius cylinder parallel to the vertical axis. The ground truth, points were manually assigned to signs (planes) and balusters (cylinders).
Multi-X is compared with the same methods as in the 6 It will be made available after publication. line and circle fitting section. PEARL and Multi-X fit cylinders and planes simultaneously while T-Linkage and RPA sequentially. Table 6 reports that Multi-X is the most accurate in all test cases except one. Video Motion Segmentation is evaluated on 51 videos of the Hopkins dataset [34] . Motion segmentation in video sequences is the retrieval of sets of points undergoing rigid motions contained in a dynamic scene captured by a moving camera. It can be seen as a subspace segmentation under the assumption of affine cameras. For affine cameras, all feature trajectories associated with a single moving object lie in a 4D linear subspace in R 2F , where F is the number of frames [34] . Table 7 shows that the proposed method outperforms the state-of-the-art: SSC [8] , T-Linkage [20] , RPA [21] , Grdy-RansaCov [22] , ILP-RansaCov [22] , and J-Linkage [33] . Results, except for Multi-X, are copied from [22] . Fig. 4 shows two frames of the tested videos.
Indicator of Robustness
In our experience, the spatial coherence term E s is a good indicator of the model quality. In 68% of the cases, selecting the solution with the lowest E s value out of three runs lead to the most accurate choice. In 78%, there was at most a 3% difference in misclassification error between the best and the selected solution. As Multi-X is fast, it is KF [4] RCG [19] T-Lnkg [20] AKSWH [32] MSH [37] Multi-X Avg.
Min 
Processing Time
Multi-X is orders of magnitude faster than currently available Matlab implementations of J-Linkage, T-Linkage and RPA. Attacking the fitting problem with a technique similar to PEARL and SA-RCM, it is significantly faster since it benefits from high reduction of the number of instances in the Median-Shift step (see Table 8 ).
Conclusions
A novel multi-class multi-instance model fitting method was proposed. It combines global energy minimization and 7 Multi-X is a randomized algorithm -a property it inherits from the initialization stage.
(1)
(2) (3) (4) Multi-X Avg. 0.05 0.09 0.32 1.06 0.16 Med. 0.00 0.00 0.00 1.06 0.00 Table 7 : Misclassification errors (%, average and median) for multi-motion detection on 51 videos of Hopkins dataset:
(1) Traffic2 -2 motions, 31 videos, (2) Traffic3 -3 motions, 7 videos, (3) Others2 -2 motions, 11 videos, (4) Others3 -3 motions, 2 videos, (5) All -51 videos.
(1) (2) (3) (4) Table 8 : Processing times (sec) of Multi-X (M) and T-Linkage (T) for the problem of fitting (1) lines and circles, (2) homographies, (3) two-view motions, (4) video motions, and (5) planes and cylinders. The number of data points is shown in the first column.
median-based mode-seeking in the parameter domain and its key parameters are set adaptively.
Multi-X outperforms significantly the state-of-the-art in multiple plane segmentation (homography detection), multiple rigid motion detection, motion segmentation, simulta-neous plane and cylinder fitting, and on 2D edge interpretation (simultaneous circle and line fitting). The method runs in time approximately linear in the number of input data points which is an order of magnitude faster than available implementations of commonly used methods. 8 
